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1. INTRODUCTION

The notion of hypercontractivity first arose in quantum field theory [3] and
underwent much development in functional analysis and mathematical physics
throughout the subsequent decade [4, [7]. While the concept had existed in some
form or another for some time before this, E. Nelson is credited with casting this
collection of ideas into the same setting [6]. It was later discovered that this con-
cept is closely related to certain concentration of measure phenomena, and this
has sparked a great interest in this concept from probabilists; the monograph [2]
contains a comprehensive account of these developments.

In this note we explore the basic principles of hypercontractivity and its relation-
ship with concentration of measure, focusing on the setting of Gaussian measures
where explicit computations can be made. Our exposition mainly follows the ac-
counts in [I] and [2, Chapter 5 and Appendix B], but we have filled in much of the
technical detail. We also provide citations to other sources where helpful.

2. HYPERCONTRACTIVITY

In this section we introduce the basic notions that will be used in this note. We
mainly follow the abstract setting of [7} Section 2A].

Let (S,S) denote a measurable space, and write M(S) be the vector space of all
measurable functions from 2 to R. For a measure p on (S,S), write LP(u) for the
subspace of M(S) cousisting of all functions with finite p-th moment, and write
|| -[|Le () for the usual norm that makes this into a Banach space. Throughout this
note, we will always assume that (S, S, u) is a probability space.

Write C'(R™) for the space of continuous functions from R™ to R. We include sub-
scripts ¢, b, and 0, to denote the subspaces of such functions which are compactly-
supported, bounded, and vanishing at infinity, respectively. We include the super-
script k to denote the subspaces of such functions which are k-times continuously
differentiable. We of course combine these notations, so that, for example, C2(R™)
denotes the space of compactly-supported, twice continuously differerentiable func-
tions. Often these spaces are endowed with a supremum norm (or a combination
of supremum norms on some of its derivatives), but we will not do so in this note
unless explicitly stated.

By a semigroup {P;}+>0 on a Banach space (B, || - ||) we mean a family {P;}+>0
of (possibly unbounded) linear maps satisying the composition rule P,Ps = Py
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for all s, > 0. A semigroup is called strongly continuous if for all € B, we have
|Prx — z|| - 0 as t — 0.

Assumptions. Suppose that (S,S, ) is a probability space and that {P;}:>0 is a
family of linear maps on L> (1) which extends to a family of linear maps on LP(u)
for all p € [1,00] such that the following properties are satisfied:

(A1) For each p € [1,00], the family {P,};>0 is a semigroup on (L”(u), || - || v (u))-
(A2) For each p € [1,00] and ¢ > 0, the map P, : LP(u) — LP(u) is self-adjoint.
(A3) For each t > 0, the map P, : L?(u) — L?(p) is unitary.

When we say {P.}i>0 is a semigroup on (S,S, ), it will be understood that it
satisfies the assumptions above.

We will later specialize to the case of the transition semigroup of the Ornstein-
Uhlenbeck process along with the standard Gaussian measure on finite-dimensional
Euclidean space, and we will see that this pair satisfies the assumptions above.
However, for now, we choose to deal with the abstract case.

Definition 2.1. A semigroup {P,;};>0 on (S, S, p) is called hypercontractive if the
following conditions hold:

(1) We have || P, f|lrruy < 1f|lpi( for allt > 0 and f € L' (p), and
(2) There exists some 7' > 0 and some C > 0 such that we have ||Prf| ps) <
Cfll L2y for all f e L?(u).

This notion is rather strong: the hypothesis (1) is called “contractivity” for
obvious reasons, and the hypothesis (2) guarantees that one can bootstrap a priori
bounds on L?(j1)-norms (quantitatively!) to further bounds on L*(p) norms, hence
the name “hypercontractivity”. (Nelson himself suggests [6] that a better term for
(2) would actually be “hyperboundedness” since the constant in need not be equal
to 1.)

It turns out that hypercontractivity is equivalent to another set of conditions,
which, a priori, appears to be much stronger.

Lemma 2.2. A semigroup {P,};>0 on (S, S, u) is hypercontractive if and only if
the following conditions hold:

(1') For any p € [1,00], we have ||P;f|/zr(u) < | fllLe(n for all £ > 0 and
f € LP(n), and

(2’) For any p,q € (1,00), there is some 7' > 0 and some C' > 0 such that
I Pefllacny < Cllflloruy for all t > T and f € LP(p).

Proof. The “if” direction is immediate, so we only need to show the “only if”
direction, that is, that {P,};>o being hypercontractive implies (1’) and (2’). For
(1), note that for any ¢+ > 0, and any f € L®(u), the duality between the L' and
L*> norms and assumption (A2) together imply:
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1P f | oo () = Sup{/ |Pfgldp: g € L' (w), [lgll ey < 1}
sup{ / Pufgdu g€ L', lgllmr g < 1}
{ fPgdp:ge LY (), gl < 1}

~ sup { /S Pl g € L' (), lgll i < 1}

< sup { || fllo o 1Pl 9 € L), lgllor g < 1}
= |[fllze g sup {11 Pgllrcuy : 9 € L), gl <1}
<1 F e oy sup {llgllLr e = g € LM (), gl <1}
<Nl -

This shows that P, : L (p) — L*(u) is contractive. By the Riesz-Thorin theorem,
this implies that P; : LP () — LP(u) is contractive for all p € [1, 00], as claimed.

For (27), note by assumption that Pr is bounded from L?(u) — L*(p), and that
it is bounded from L*(u) to L*(u) by (1%). Applying the Riesz-Thorin theorem
gives that Pr is bounded from L™ (u) — L*™ () for all integers m > 2. Composing
these maps shows that, for each n € N, the map Pr : L?(u) — L?" (1) is bounded.
Now let p,q € (1,00) be arbitrary, assume without loss of generality that p < gq.
Since 2"/(2" — 1) | 1 and 2™ — oo as n — oo, we can choose some n € N large
enough such that we have

n

< < A
g SP<4s o

Now observe that Pr is bounded from L%(p) to L% (u), hence P} = Pr is bounded

from LP°(pu) to L?(u). Since Pr is unitary, this implies that for all f € LP(u) we
have

Po =

IPrfllLacny < N Prfllnaony S NIz
= 1Prfllrequy S 1flero gy < I llLe (-

This shows that there exists some C' > 0 such that || Prf||ra(u) < C|f|lLr() holds
for allf € LP(u). Then for any ¢ > T the semigroup property and (1) combine to
give

1P fllLaguy = 1Pry—1) fllagu
= |P—rPrfllLa(w) = 1Prfllrag < CllfllLew

as claimed. 0

3. BACKGROUND ON STOCHASTIC PROCESSES

In this section we will develop some abstract theory about stochastic processes
which is also of independent interest. We mainly follow [I, Chapter 1].
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Suppose that S is a locally compact topological space with a countable basis and
that S is its Borel o-algebra, and let {X;};>0 be a right-continuous Markov process
in S. That is, let Q denote the space of all right-continuous paths from [0, 00) to S,
and let F denote the Borel o-algebra generated by Skorokhod topology on €2. For
each z € S, the law of {X;},>¢ conditioned on Xy = = determines a probability
measure P, on €2, and the corresponding expectation operator is denoted E,,.

Also suppose that p is a Borel probability measure on S which is stationary for
{X¢}i>0. For any f € L*(u) and ¢t > 0, note that we have

[ Bl C0ldu(e) = [ 15@)du(o) < 1] < oo,
S S

and hence that E.[|f(X};)|] is finite for p-almost every x € S. This proves that
E,[f(X})] is well-defined for p-almost every x € S; we define the transition semi-
group { P, }i>0 of { X }i>0 via P, f (x) = E.[f(X})], and it follows that P, : L () —
L% (u) is a well-defined linear map.

Lemma 3.1. If p is a reversible probability measure for { X;}+>0, then the collection
{P;}+>0 satisfies the semigroup assumptions of Section

Proof. For (A1), let p € [1,00] and t > 0 be arbitrary. Then take any f € L>°(5)
and recall that p being reversible for {X;};>¢ implies that it is also stationary for
{Xi}t>0. Then Jensen’s inequality gives

1Py = [ EAFCDIPdi(o)
< /S E, [|£(X0)1"] du(z)
— /S @) du(e) = £ -

which shows that P, : L (u) — L°°(u) is bounded linear, with respect to the LP ()
norm. To extend this, note that L>°(u) is dense in LP(u), so for f € LP(u) we can
get {fntneny in L™(u) with f, — f in LP(u). Then by the above and Fatou’s
lemma we have

1B fll Loy < Hminf 1B fo[ Lo
< hnnligf ”anLP(,u) = ”fHLP(u)v

which shows that P; extends uniquely to a linear contraction P; : LP(u) — LP(u).
To see that the composition rule is also satisfied, note that for any s,t > 0 and
f € L*>(u) we have, by the Markov property of {X;};>0:

PP f(z) = Eu[Ex, [f(X0)]] = Ex[f (Xits)] = Prys f ().

This proves that we have P,P; = P;,, as operators from L (u) to itself, and by
density, also as operators from LP () to itself. Thus, {P,};>¢ is indeed a semigroup
on LP(u).

For (A2), let f,g € L*(u) be arbitrary, and note that, since p is reversible for
{Xi}e>0, we have
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/ Py f(2)g(x)dp(z) = / E, [ (X2)g(Xo)dp(z)
S S
_ /S Ea [ (Xo)g (X)) du(z)
- / F(2) Pug(a)dp(z).
S

Now let p,q € [1,00] be conjugate exponents, and take any f € LP(u) and g €
L(p). Get sequences {fp}nen in L (p) with f,, — f in LP(p) and {gn}nen in
L*>°(u) with g, — ¢g in L9(p). Then by Holder’s inequality, the contraction property
of P;, and the fact that self-adjointness already holds for elements of L (u), we
have

[ Pr@@dnto) - [ 1) Pgla)du)
S S
< / P/ — f)(@)g(x)ldu(z) + / 1Py fou()(g — gu) (@)l dplz)

/ Fu(@)Pilg — g0) (@)ldule / (f = £2)(@) Prg(@) | dpu(z)

< f = Falleegollgllage + falle@wllg = gnllLag
+ 1 fullzellg = gnllzagey + I1f = fall Lo llgnll Lo -

Of course, the right side goes to zero as n — 00, so self-adjointness holds.

For (A3), for any x € S, write P, = P, @ P, for the product measure on 2%, and
write E, for its expectation operator. In other words, P, is the joint law of two
independent copies of the same process {X;}:>o and {Y}tZO; which are coupled to
have the same starting point. Then for f € L>(u) we have

[ Ps)Pinte) = [ ELAFCCE (Fldut)
S S
= | Bl (X0 £0)Mdita)
- [ (@) duco)
S

To extend this, we use a similar density argument as before. For f € L%(u), get a
sequence {fn}nen in L®(u) with f, — f in L?(u). Then by Cauchy-Schwarz, the
contraction property of P, and the fact the unitarity already holds for elements of
L>(u), we have
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\ [ EertePanta) - [ () o

/ Pof(@)Pi(f — fu)(@)|dpu(e / P — fu)(@)Pefo(@)]dp(z)

/|f ) (@) fou@) iz /|f (f — fu) (@)ldu(z)
L2 fll2wllf = fallzzqey + 2l fall L2l f = fallz2(w-

Since the right side goes to zero as n — oo, it follows that P, : L?(u) — L?(u) is
unitary, and the result is proved. ([

Now return to the general setting that p is stationary for {X;}¢>¢. It is not hard
to show that the semigroup {P;};>¢ is strongly continuous on L?(p), and we can
take this further by defining the set

D(E):{feLQ( ): hm (Ptf f) exists in L*(u )},

and the operator £ : D(L£) — L?(u) to be the value of the limit; we say that £ is the
L2(u)-generator of {X;}i>0 and that D(L) is its domain. (This setting is slightly
different from the more familiar setting of “Feller processes” in which {P;}s>¢ is
assumed to be strongly continuous on a suitable space of continuous functions
endowed with the supremum norm.) In this case we have that, for each f € D(L),
themap P.f : [0,00) — L?(p) is strongly differentiable, with 0, P, f = LP,f = P,.Lf.
These identities are referred to as the Kolmogorov equations.

The ideas above also give rise to an important bilinear form. For f,g € D(L),
we define the value

| r@ts@aua).
We refer to € as the Dirichlet form of {X,}i>o0.

4. THE ORNSTEIN-UHLENBECK PROCESS

We will derive the Gaussian inequalities of the next section by studying a concrete
stochastic process of interest. We rely somewhat on a background in stochastic
calculus, as outlined in [5].

Fix n € N, and let (Q, F,{F:}i>0,P) be a filtered probability space satisfying
Doob’s “usual conditions” [5, Chapter 1, Definition 4.13] on which a standard n-
dimensional Brownian motion { B, }+>¢ is deﬁned. On this space, we let the standard
Ornstein-Uhlenbeck (OU) process {X;}i1>0 be defined via

t
(1) X = Xoe t+ \/ie_t/ e’dB;.
0

As before, write P, for the probability measure P conditioned on the (possibly
singular) event Xy = z. We can also compute

t
—Xoe tdt — V2e ™t / e*dB, + V2dB,
0

—X,dt + V2dB,,

dX;
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so it follows by strong uniqueness [5, Chapter IX, Section 1] that the law P, is also
characterized as the law of solution to the SDE dX; = —X,dt + v/2dB, with initial
condition Xg = x.

Write E, and Var, for the expectation and variance with respect to the measure
P,. From we can see that the mean of the OU process is E,[X;] = ze™ ¢, and
that its variance, by the It6 isometry, is

(x/ie—t /0 t eSdBS>
(] e

t
= Qe_Qt/ e*ds=1—e?,
0

2
Var,(X;) =E

=2 %R

This implies that, for any f € L*°(y™), we have

2) E,[f(X))] = / (et VT ) ),

where 7" denotes the standard n-dimensional Gaussian measure on R". In particu-
lar, this implies that 4™ is a reversible measure for the OU semigroup {P; };>0. So,
by Lemma the OU semigroup satisfies the needed assumptions. The formula
also shows that for f € C}(R") we can differentiate under the inegral to get
VP f =e tP,Vf, called the commutation identity.

We also note that much can be said about the L?(u)-generator of the OU process
[T, Section 2.7]. Its domain D(L) consists exactly of functions f € C(R?) such
that the distributional Laplacian Af is a function g : R® — R which satisfies
g(z) —x - Vf(z) € L*(y"); in particular, if f € C?(R") is such that |z|Af(z)
vanishes at infinity, and a € R is arbitrary, then we have f(z) +a € D(L). On this
domain the generator is given exactly by

Lf(x) =Af(z) —x-Vf(z).

A simple application of Gaussian integration by parts shows that for f,g € D(L),
the Dirichlet form can be equivalently written as

E(f,9) = A V() Vg(z)dy" (z)
In particular, this shows that £ is symmetric on D(L). (The collection D(E) of all
functions f € L?(y™) such that —1 [o, (P.f(z) — f(z))f(z)dy™ converges as t — 0
is called the domain of &, and it is strictly larger than D(L).)

5. GAUSSIAN CONCENTRATION INEQUALITIES

In this last part, we use the previous results about the OU semigroup to prove
some concentration results for the Gaussian measure, eventually leading to the
proof of the hypercontractivity of the OU semigroup. For convenience, we set
up a bit of notation. For f € M(R"), write E[f] = [;, fdy" and Var(f) =
Jan f2dY™ — (Jgn fdy™)? for the expectation and variance on this space, whenever
they are well-defined. Also define
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Ent(f) = /Rn flog fdy" — (/Rn de”> log (/Rn fd”r">

called the entropy of f. Note by Jensen’s inequality that we have Ent(f) > 0, and
that Ent(f) < oo iff [,, flog fdy"™ < co. (The space of measurable functions with
finite entropy with respect to the Gaussian measure forms a Banach space under
a suitable norm. This is an example of a so-called “Orlicz space” but we do not
develop this idea further in the present work.) For concreteness, observe that, if
f € LP(y™) for some p > 1, then [, flog fdy™ < oo,

Lemma 5.1 (logarithmic Sobolev inequality). Suppose f : R™ — R is absolutely
continuous, with Var(f) < co. Then we have

Bt (1) <2 [ Vi@ @)

Proof. First consider the case that f € C$°(R™). Then define the function v(z) =
(f(x))?, and, for € > 0, the function v®(x) = v +¢&. It is clear that v and v° are
in D(£), and that v® is uniformly bounded away from both zero and infinity. Now
for t > 0, define vy = P and v§ = Pw® = Py(v+¢) = vy +e. By using the
boundedness of v and the mean value theorem to apply dominated convergence, it
is easy to differentiate under the inegral and deduce that v, € C*°(R™), and also
that |z|Av(x) vanishes at infinity. Of course, this implies v; € D(L). Likewise,
we have log(v§) € D(L). In particular, the map t — of log(v§) is strongly differ-
entiable in L?(7™), hence, by passing to a subnet if necessary, we can assume the
convergence occurs Lebesgue almost everywhere. This implies that the derivative
O (v§ log(vf)) exists (as an equivalence class of functions up to Lebesgue almost
everywhere agreement).

Also note that, for any x € R", we have v§(z) — [p, v°(z)dy"(z) as t —
00. So by the fundamental theorem of calculus, and then by using the dominated
convergence theorem to differentiate under the integral, we have

/ v log(v*)dy" ( / ) v5d7"> log ( / ) v5d7”>

- / og log(v)dy™ — / g, log(tS,)dy"
. .
= —/ 8t/ vy log(v§)dy"™dt
0 R™
. / & (05 og(vf)) ddt
0 R
__ / Brve (1 + log(vf)) dydt
0 R™

— [ e@uf 1+ togo) i
0



HYPERCONTRACTIVITY, THE OU PROCESS, AND GAUSSIAN INEQUALITIES 9

Now recall that by the Kolmogorov equation we have 0,vf = 0,P,v® = LP,v® = L],
and by the alternative formula for the Dirichlet form, we have

E(Owvi, 1 +log(vy)) = E(Lg, 1 + log(vy))

= [ Vi V(1 + log(ef))dy”
]R'n.

n (%

By the commutation identity Vvi(z) = e 'P,Vv®(z) and Cauchy-Schwarz, we
bound this value as follows:

IV @I e

e L
= o T (X))
e e e :
BREON Y (X
e ol

=e ?'P, <”Z}”2> (2).

Combining these last results and using the fact that 4™ is stationary for {X;}>0,
we have shown

/nv log(v°)dy™ — (/ Ve )log (/nv‘gdfy”>
/ / (”U€”2>dvndt
L[ [ g
L[ Ty

Recalling that v¢(z) = (f(x))? + ¢, we have Vv (z) = 2f(x)V f(x), hence

/ v° log(v®)dy"™ — (/ vsch") log (/ vsd'y")

2
<2 VFIIPdy™.
<2 L IviPe

Now consider taking e — 0. First notice that we have f2/(f% +¢) 1 1 for all
xr € R™, so monotone convergence applies to the right side above. Then observe
that f]R" ’UEd’Yn = ||fH%z(,yw) + &, so fR” Usd’}/n \L ”fH%z(’Y”) Finaﬂy, the map a —
a®log(a?) is uniformly bounded below, so Fatou’s lemma applies to the first term
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on the left side above. Combining this all yields

FPlog(f2)dy™ = (| F11Z2(yny 1og [ 1172 my

R’VL
< lim inf v° log(v®)dy™ — lim (/ v5d7"> log (/ vad7”>
e—0 R e—0 n R™

= lim iglf </ v° log(v®)dy™ — (/ v€d7"> log </ v%’y"))
e— n n n

2
< Tlimi 2 n
fhgn_ggm/w f2+€HVfH dy

- / IV [2dy"
R’IL

Finally, we use a standard density argument to extend this to the full result. Let
f : R™ — R be absolutely continuous so that, in particular, the gradient Vf is
well-defined for Lebesgue almost every @ € R™. If [, ||V f[[?dy™ = oo, then there
is nothing to prove, so we can assume f]R" IV f||?dy™ < oo. Combining this with
our assumption Var(f) < oo implies that f lies in the Sobolev space H'(y").
Since C°(R™) is dense in H!(y™), we can get a sequence { fi }xen in C°(R") with
fr — fin HY(y™). This implies fr — f in L%(y™), so, by passing to a subsequence
if necessary, we can also assume f; — f holds Lebesgue almost everywhere. Now
use Fatou’s lemma and the fact that we have already shown the inequality for
{fr}ren to get:

puetr) = [ Progtar = ([ par e ([ parr)

<timint [ flog(R)ar" - hm( fz?dv”) log ( / f;?dv”>
k—oo Rn k— oo Rn Rn

—tmint ([ sioutipye ([ g Yow ([ star))
Rﬂ, R‘VL R‘!L

k—o0

= lim inf Ent(f)
k—o0

< liminf2/ IV fiel|dr™
k—o0 Rn

- / IV 12dy".
RTI,

This finishes the proof.

Theorem 5.2. The Ornstein-Uhlenbeck semigroup is hypercontractive.

Proof. That (1) is satisfied is implicit. We claim that a strong version of (27)
holds, that for any 1 < p<g¢g<ooandt >T = %logg%i we have || P f|| pa(u) <
Ilflleq for all f € LP(u). (So, in this case, “hypercontractive” is actually a
quite appropriate term!) To do this, define the monotonic function ¢(t) = 1 +
(p — 1)e? and observe that we have q(0) = p and ¢(T) = ¢q. Let f € C?(R")
be arbitrary and assume that f is non-negative. Then set f; = P.f as well as

r(t) = Jpu (fe(2)) Wy (2).
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Next we claim that we can differentiate r by differentiating under the integral.
By dominated convergence and the mean value theorem, it suffices to show that,
for each s > 0, the derivative 9; ((f;(z))?®) is bounded above, uniformly for all
(t,x) € [0, 8] x R™. To do this, note that, for any x € R, we can compute:

D)™ = (@) O ) os(Fo(a)) + (@), ).

Observe that we have sup,cpn | fi(2)| < sup,egn |f(2)| by Jensen’s inequality. Then
since f € C%(R") is clearly bounded above uniformly in # € R", this implies
that fi(z) is bounded above uniformly in (¢,2) € [0,00) x R™. Moreover, ¢ is
bounded above uniformly for ¢ € [0,s] by inspection. Therefore, it suffices to
show that 0;f:(x) has the necessary bound. Recall that the heat equation says
O fi(x) = PLf(x), so we have sup,cpn |% fi(z)] < supyepn |Af(z) — 2 - Vf(2)]
again by Jensen. But f € C?(R™) implies that sup,cgn |Af(z) —z- V f(z)] is finite,
as needed.

Now we differentiate under the integral and apply the Kolmogorov equation to
compute the derivative of r to be:

v0 = [ (5900080 + 0 0siatt)) d

=q(t) ff(t)log(ft)d’y"w(t) fq(” 'L fdy
q’(t)

=i 1 1) 100 (ft t)) "™ — q(t)(q(t) — 1) / FO2 IV ) 2dy

Now consider the value log || fi[| Lac) (yn) = q(l) log(r(t)). Differentiating this, and

using the observation that ¢'(t) = 2(gq ( ) — 1), yields:

d
2 108 L fell oo ym)

r'(t) _ ¢'()logr(t)
a(t)r(t)  (a(t))?
) at) —1

_<<f>§r<>/nfq(t 5 (77) v -
)

<
( .
)
’ q(t
- Gonyer J 1 k’g(ﬁ(w)d - / e
(
)
(
)

=1 [ a0 ) ¢'(t)logr(t)
( IV elPdy TLOE

/ q(t)
= tyer fu 10g<rt(t)> iy LS

_ 4@ a(t) 1 Ji n_ q q(t
(()QT()< f 1g<(t)>dw s IVfIIdw)

Finally, note that the logarithmic Sobolev inequality applied to the function f; ©)/2
shows that the term in parenthesis is non-positive. Therefore, we have shown that
log || fill Latw) (yny is non-increasing as a function of ¢, whence the result.

If f € C2(R™) but not necessarily non-negative, then we use Jensen to get
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IPefllLaymy S NPl flLaiyny < Ml pemy = 1 lzegymys
so the result holds.
Now let f € LP(y") be arbitrary, and use the density of C2(R") in LP(y") to get
{fu}nen in C2(R™) such that f,, — f holds in LP(y™). Then the result for C?(R")
combined with Fatou’s lemma gives:

1P fllaymy < Himinf [P fio[ Lo (ym)
< liminf [ full Lo (ym) = [ flleym),
as claimed. 0

As the proof above shows, the main property of the OU semigroup that was
needed to show hypercontractivity was the logarithmic Sobolev inequality. More
generally, it is know that any semigroup satisfying a logarithmic Sobolev inequality
must be hypercontractive. A remarkable discovery of L. Gross is that the converse
is also true: any hypercontractive semigroup satisfies a certain generalized form of
the logarithmic Sobolev inequality. See [I, Theorem 5.2.3 of Chapter 5.2.2] for a
precise description of this equivalence.

We also note that the logarithmic Sobolev inequality implies the well-known
Gaussian Poincaré inequality [I, Proposition 5.1.3 of Chapter 5.1.2]. (Of course,
there also exist elementary proofs that do not rely on the analysis of semigroups
we have undertaken here.) In general, a logarithmic Sobolev inequality is a much
stronger statement than a Poincaré inequality, as can be intuited from the extra
logarithmic factor present on the left side.

We finally note the remarkable fact that the constant in the logarithmic Sobolev
inequality (and, consequently, in the Gaussian Poincaré inequality) is indepen-
dent of the dimension n. This is key to understanding concentration properties
of infinite-dimensional Gaussian measures, and it has important consequences in
diverse fields as mathematical physics, theoretical computer science, and high-
dimensional statistics.
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