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e Write [n] = {1,2,...n}, and also write (i) for the set of all size-k
subsets of a set S, as well as (<5k) = Uf'(:o (?) Also let {+} denote
any one-point set, and let | - | denote the cardinality of a set.

e We will use (2, F,P) to denote a big probability space on which all of
our random variables are defined

o Let B(X') denote the Borel o-algebra of a topological space X, and
let X7 be always endowed with the product topology.

@ A random element of a product space KT can equivalently be viewed
as the canonical coordinate process, {7 }+e7. This will allows us to
interchange between discussing its law u and its probabilities under IP.

@ If¢: T — T is a bijection and K is any set, then there is a natural
induced bijection on the product space K defined via
Y ({me}eet) = {my(e)}reT. This extends naturally to a bijection on

(3) (x)
spaces KlT X K32/ x - x Ke¥ when Ki, ... Ky are any sets.
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For a (usually infinite) vertex set S, the complete k-uniform
hypergraph on S is (f) and elements of (f) are called hyperedges.
(a disconnected graph is k = 1, standard graphs are k = 2, etc.)
For K a standard Borel space, a K-coloring of a k-uniform
hypergraph is a map H : (‘z) — K, or equivalently a collection of

colors {ﬂu}ue(z). 5

A random K-coloring of (i) is a probability measure on K(k), or
equivalently the canonical coordinate process {ﬂ'u}ue(S).
k

We say that a random k-coloring of (i) is invariant under a
permutation ¢ : S — S if {Ww(U)}ue(f) has the same law as
{Wu}ue(i), or equivalently, if go (7¥)~™! = u. A random K-coloring of
S which is invariant under all finite permutation is called
exchangeable.

Motivating question: Can we describe all of the exchangeable
random K-colorings of (i)'?
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@ It's quite easy to come up with lots of different exchangeable random
K-colorings of (i)

e de Finetti construction. Fix a mixture of distributions over K; first
sample the distribution, then sample each hyperedge conditionally
independently from the chosen distribution.

o Vertex-sampling construction. Let H be some fixed K-coloring of a
k-uniform hypergraph on n vertices. Then, let the vertices s € S be
sampled as iid from the uniform distribution on {1,...n}. Now, define
the color of the hyperedge {s1,...sx} to be H(sy,...sk).

@ Both of these procedures give rise to exchangeable random
K-colorings of an infinite k-uniform hypergraph, so any
characterization of exchangeable colorings must include both
examples above (and many many more).

@ It turns out that, in order to capture all of the diversity of posssible
colorings, we need to allow randomness to enter “at every level”.
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The Standard Recipe

@ A collection of ingredients is a sequence of standard Borel spaces
2o, ... Zk_1,Zx = K, a probability measure ug on Zp, and a a
collection of probability kernels P, ... Py such that P; is a kernel
from Zg x Zj x Zz(z) X e X Zi(j‘ll) to Z;, such that each P; is
invariant under finite permutations of S.

@ The standard recipe is the following recursive algorithm for sampling

. . S\.
a K-coloring of a k-uniform hypergraph (k)
o Base Case: Sample a random zy € Z; according to up.

o Inductively for 2 < i < k: For each hyperedge u € (‘7) sample z, € Z;
according to the law

Pi (20,20 (22dsc(yy o {2shae(r) ) (1)

o Let {Z“}ue(f) be the final coloring.
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Structure Theorem

If we start with any collection of ingredients, then it is clear that the
output of the standard recipe is an exchangeable random K-coloring of the
K-uniform hypergraph (f) In fact, our main result is that this is the only
game in town:

Theorem (2.9 of [Aus08])

If 1w is any exchangeable random K-coloring of a k-uniform hypergraph
(3), then there exists a collection of ingredients

(2o, 10), (Z1, P1), - - - (Zk—1, Pk—1), (K, Px) such that the output of the
standard recipe with these ingredients is a random element of K (¥) with
law p.

This result implies de Finetti's theorem, a structure theorem for
exchangeable arrays, and more.
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@ Remainder of the talk has three parts:

(k =1) We'll introduce a clever proof of de Finetti's theorem in order to
acquaint ourselves with the tools that we'll need for the general case.

(k =2) We'll prove the result for exchangeable edge-colorings of graphs. While
this result will eventually be implied as a special case of the general
result, it is a good setting to see our tools in action for a case that
slightly more subtle than the easy de Finetti theorem.

(k > 2) We'll move to an ostensibly harder statement, prove it by induction on
k, and then conclude the structure theorem as a special case.

e I'll mostly be following the survey article [Aus08], in which the
material of this presentation corresponds to subsections 3.1, 3.2, and
3.3. At times the survey is sparse on the details, so I'll also draw
inspiration from [Ald85]. In either case, I'll be modifying their
notation as necessary.

@ A lot of the steps of the proof are best understood visually, so I've
added some graphics to make things more intuitive.

A. Q. Jaffe Exchangeable Hypergraph Colorings May 22, 2020 8 /54



Useful Results

The following results are some simple facts that will be used many times
throughout the results in this presentation.
e If S is an infinite set, V C S is infinite, and S\ V is infinite, then
there is a bijection between S and V.
o Energy-Squeeze. If F C G are nested o-algebras and
E[E[X|F]|? = E|E[X]|G]|? then E[X|G] is F-measurable.
o Conditioning by Disintegration. If X and Y are random elements of
standard Borel spaces X and Y respectively, then there exists a kernel
P from Y to X such that E[X|o(Y)] is P-almost surely distributed
according to P(Y/,-).
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de Finetti's Theorem, k =1
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Statement

Theorem (de Finetti, 1937)

Let K be a standard Borel space and S a countable infinite index set. If u
is the law of an exchangeable random K-coloring of S, then there exists a
standard Borel space Zy, a Borel measure 1 on Zy, and a kernel Py from
Zy to K such that the output of the standard recipe with ingredients

(Zo, 110), (K, P1) is a random element of K° with distribution .

o We'll introduce a new proof of this, which will get us used to the
ideas/constructions that we'll need for the more general results

@ We will rely on S being infinite many many times throughout this
proof and throughout the remaining proofs.

@ Let’s outline the key steps of the proof before proving them and then
putting it all together.
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Proof Outline

Set-Up: Partition S into two infinite sets S; U S». Let TV be the
o-algebra generated by {ms}scy for any V C S,.

Step 1. Show that, for any s € 51, the conditional distribution of 7
given T2 is TY-measurable.

Step 2. Show that {ms}scs, are conditionally independent given T2

Step 3. Show that {7s}scs, are conditionally identically distributed
given T2,

A. Q. Jaffe Exchangeable Hypergraph Colorings May 22, 2020 12 / 54



Proof of Step 1.
Note that we can write

™[ = s B[ [fmfotmase A" @
Ffinite

Empwg

However, the right side depends only on |F|, since for any F and F’ of the
same size we can swap them and the law of the conditional expectation
does not change. Since V' and S, both contain arbitrarily large subsets,
this implies

2

MEVWQTQVZE@VWJTﬂ (3)

Since TV C T2, energy-squeezing implies that E[f(7s)| T°2] is
Ty-measurable. []

v
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Proof of Step 2.

To show that these random variables are conditionally independent, it
suffices to show that, for any bounded measurable functions
fi,...f, : K — R and any fixed si,...s, € 51, we have

[ ()

7% [f(m,)

E [f(ms)- £ (rs)

T%| =E [fi(rs)

By induction on r, it suffices to show that we can pull out the f;(7s,)
term. That is, for p the law of {7s}ses, it suffices to show that for any
A € T2 we have

/Aﬂ(wsl)---f,(ws,)du:/AIE[fl(wsl) 7| f(ms) s ). (5)

V.
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Proof of Step 3.

Now recall that for every A € B(K>?), we can get a sequence of cylinder
sets {A,} in K*2 with A, 1T A and u(A\ A,) — 0, so by dominated
convergence we have fAn gdu — fA gdu for all bounded measurable g.

Therefore, it suffices to prove (5) when A depends on only a finite set of
coordinates R C S,. To do this, let i) be the (finite) permutation that
swaps U = {sp,...s,} with some finite set F C S, \ R and hence which
leaves s; fixed.

The next step is to apply exchangeability and the result of Step 1 many
times to move through a large string of equalities. This is best explained
through the following graphic:
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E | fi(7s,) T2 f2(7r52) T fr(ﬂsr)dﬂ
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Proof of Step 3.

In other words, we have:

/ﬁ(ﬁsl)fz(ﬂs)”'ﬁ(%r)d“
fl 71—51)/:2(71-1#(52)) o f;‘(ﬂ-w(sr))d’u

E | f(ms) TS?} fo(Tp(sy)) -+ Fr(mp(sr) ) e

/.
!
- [ E[fm
/.
/.

~—

T52\(RUF)] 1‘2(71'1/,(52)) s ﬁ(Tr’l/J(Sr))du

E fl(ﬂ'sl

~—

TR () - fy(ms, Yl

E [fi(ma)| 7% foms) - fi(ms )dn,

which is exactly (5), as needed.

V.
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Proof of Step 3.

Take any s1,s» € S1 and any bounded measurable f : K — R. Applying
exchangeability to the permutation that swaps s; and s, and leaves all
other vertices invariant, we get

| Fmmd = [ Fma)dn (6)

for all A € T2, By the definition of conditional expectation, we have

E [f(ms) i (7)

as needed. ]

Tsz} ) [f(7r52)

v
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Finishing the Proof.

Consider the conditional distribution of {ms}ses, given T=2. By Steps 2
and 3, the random variables {7s}scs, are conditionally iid given T2, so
there exists a kernel P; from Zy = K2 to K satisfying

H(A) = /Z PES (2, A)dpio(2) (8)

for all A € B(K>'), where we have defined 1 to be the law of {7s}scs,.
This proves the result for the law of {ms}ses,. But the laws of {7s}ses,
and {ms}scs are the same, so the theorem is proven for {ms}scs with the
choice (Zy, o) and (K, P1) as above. O

w
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Exchangeable Edge-Colorings, k = 2
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Statement

Let 1 be the law of a random exchangeable K-coloring of (3) where K is
any standard Borel space. Then there exist ingredients

(Zo, po), (Z1, P1), (K, P2) such that the output of the standard recipe with
these ingredients is a random element of K (3) with distribution L.

@ The idea of the proof is very similar to the kK = 1 case, but the
notation and indexing will be a little bit more confusing.

o We'll outline the key steps in the proof and then put it all together at
the end
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Proof Outline

o Set-Up: Partition S into two infinite sets S U S,. For any s € S;
and V C 52, let 7Y = {m, : ({S}ZUV)}. Also set
TV =o(nY sGSl)forVC52

o Step 1. Show that, for any e € (21) and any infinite V C S,, the
conditional distribution of 7. given T2 is TY-measurable.

@ Step 2. Show that the random variables {7, : e € (521)} are
conditionally independent given T2

@ Step 3. Show that, for any distinct s, t € S;, the conditional
distribution of 7y, 1 given T> is a(wf2,7rfz)—measurab|e.

o Step 4. Show that {m22}scs, is exchangeable.
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Proof of Step 1.

The proof is essentially identical to the proof for k = 1. Note that for any
e e (521) we can write

5[ [#(ra| 7]
_ ,fié?{eE ‘E [f(rre) o <7Ta¢ a€ <62F> \e>] 2

By exchangeability, the right side depends only on |F|, since for any F and
F’ of the same size we can swap them and the law of the conditional
expectation does not change. Since V' and S, both contain arbitrarily
large subsets, this implies

2

: (9)

so energy-squeezing implies that E[f(7c)| T°2] is T\/-measurable. O

E ‘Eﬂ [f(we) TV} ‘2 —E ‘E [f(we)

7]
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Proof of Step 2.

Take any bounded measurable functions fi,...f, : K — R and any fixed
€,...6 € (521) As in the case of k = 1, it suffices (by induction on r) to
show that we have the following for all A € T2

T%| o)+ (e ). (10)

/Afl(ﬂel)"'fr(ﬂer)dﬂ_/AE[fl(”ﬂ)

Again, it suffices to prove this in the case that A depends on only finitely
many coordinates. So, we can assume that A is actually

o(me; € € ({yf}ZURf), 1 < j < m)-measurable, where y; € S; and R; C S5 is
finite for all 1 <j < m. Then let Y = {y1,...ym}, R=U"; Ri, and
U=U",ei. Let ¢ be the (finite) permutation that swaps (UU Y)\ e
with some finite set of vertices F C S, \ R (and hence which leaves the
vertices in e; fixed).

As before, let's do a graphical proof of the desired applications of Step 1
and exchangeability before showing the string equalities that it gives.
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Proof of Step 2 (cont'd).

In other words, we have:

/ (o) o(eg) -+ o, )l
A
- / () B(Tue) - FTpen)din
TY(A)

_ /T " E [fl(ﬂel)

= [ )| 7] i) i)
TV(A)

T f(my(en) - r(my(en)i

— [ B [ma)| TSR] () - e )l
A

S RLES

This concludes the proof of this step. O

w

T%| fy(mer) - - fi (e, )d.
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Proof of Step 3.
Choose any infinite set V' C S, such that Sp \ V is also infinite. Now let
¥ :S — {s, t} US, be a bijection with the following properties:

P(s) =s,4(t) = t, p(52) = V, and (51 \ {s, t}) = S2 \ V. By
exchangeability, we have the following for any bounded measurable
f:K—R:

E [f(r(s.)| T] LE [f(rs0)|r(T)] (11)

In particular, this gives

E )E [f(ﬂ{at})‘ TSZ} ‘_E ‘E [f(ﬂ'{syt})‘Tq’/)(T&)] )2. (12)

Moreover, the construction of ¢ implies that we get the inclusions
™(T>) C 0(77552,7rt52) C T*2. The second of these inclusions is obvious,
and the first is easily proven. For some intuition, consider the following
graphic:
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Proof of Step 3 (cont'd).

More precisely, it suffices to show 7%(T>2) C o(72? 7r 2) by checking this
on a generating set. Indeed, if A € o(7e; e € ({yf};R), 1 <j < m)for

y; € S1 and R; C S finite for all 1 < j < m, then we have

P({y1, - ym} UULL R)) C {s,t} US,, so Y(A) € o(n22, 732) follows.

Now by (12) and two applications of the contraction property of
conditional expectation, we get

*> BB [f(rpee)|on 7)) [

>E ‘E [f(ﬂ{s,t}))Tw(Tsz)} ‘2

E[E [f(r(s. )| T%]

—E[E [f(m(s)| T%] i

By energy-squeezing, this implies that E[f (s 1) T%] is
o (72, 72?)-measurable, as claimed.
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Proof of Step 4.
Let ¥ : S — 51 be any finite permutation. Now let s1,...s, € 51 be

arbitrary, and take some sets B;,... B, € B(K({*};Sz)). By exchangeability

of u, we get

P(wff €By,... 1€ B,)
=P ({ﬂ'e}ee({sl}zusz) € Bl, 0oo {We}ee({sr}zusZ) € Br)
=P ({ﬂ'e}ee({w(ﬁQ)}USz) SHE PERE {We}ee({ll’(er)}USz) € Br)

_ S S
=P (n%,) €B,...m5, €B)

because v fixes Sy, and this proves the claim.
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Finishing the Proof

|
N .

Set Z; = K2 x K(%) so that {7752}5651 is a Zi-coloring of S, and let u;
be the law of {722}scs, on lel. By Step 2, there exists a family of kernels
{Pe}ee(sl) from lel to K such that the conditional distribution of

2
{ﬂ'e}ee(sl) given T2 is distributed according to ®ee( 1) Pe Pe({72?}ses,, )

2
But by Step 3, there exists a kernel P2 22 — K such that all of the
marginal kernels can be written as P{s,t}({ws Yees, o) = Po(nd2, w32, ).
That is, the conditional distribution of {ﬂ'e}ee(sl) given T2 is distributed

2
. S,

according to ®{ (%) Py(n22, 32, ).
By Step 4, the law pj is exchangeable on lel. Hence, by de Finetti's
theorem, there exists (Zy, 110) and a kernel P; : Zy — Z; such that
{722} e, are distributed according to P1®51(2@, -). Now set
P2(ZQ)7 Zs, Zt, ) — 'DQ(ZSa Zt, )

Matching definitions, we see that this means that the ingredients
(Zo, po), (Z1, P1), (K, P2) yield o upon following the standard recipe. [
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Exchangeable Hyperedge-Colorings, k > 2
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@ In order to prove the general result, we will prove a slightly more
general statement, in which the space of possible colorings is allowed
to change at every level, and then we'll deduce the desired structure
theorem as a special case. Moving to the expanded statement can
really just be seen as strenghtening the inductive hypothesis in our
main proof by induction.

@ By a palette we mean a finite sequence of standard Borel spaces
K = (Ko, ... Kk) where k € N is called the rank.

@ A K-coloring of an infinite set S is a sequence of maps (Ho, ... Hi)
such that H; is a Ki-coloring of (3 ) for each i = 0,... k. The space of

all K-colorings of S is denoted K(° H K( )

o A probability measure on K(5) is called a random K-coloring of S. If
{4 is invariant under finite permutations of S, then we call it
exchangeable. As usual, we can also think of p via its canonical
coordinate process.
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The Standard Recipe

@ A collection of ingredients is a sequence of standard Borel spaces
20, ... Zk—1,Zx = K, a probability measure pg on Zp, a collection of
probability kernels Py, ... Py such that P; is a kernel from

i

Zo X Z{ X Z§2) X oo X Zl-(i’ll) to Z; with each P; invariant under finite

permutations of S, and a sequence of measurable maps kg, . .. Kk
such that x; : Z; — K.

@ The standard recipe is the following recursive algorithm for sampling
a K-coloring of S:

o Base Case: Sample a random zy € Zj according to .
o Inductively for 2 < i < k: For each hyperedge u € (‘7) sample z, € Z;
according to the law

P; (ZQ),ZLH {za}ae(;)v t {Za}ae(i_"l)v : ) . (13)
o Define the colorings H; = {n;(zu)}ue(s_) forall i=0,...k—1, and
Hy = {Z”}ue(f)' (That is, we set kx = ldk by convention.)
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Structure Theorem

If we start with any collection of ingredients, then it is clear that the
output of the standard recipe is an exchangeable random K-coloring of S.
As before, our goal is to show that this actually exchausts all possible
examples:

Theorem (3.10 of [Aus08])

If K = (Ko, ...Kk) is a palette and pu is any exchangeable random
K-coloring of an infinite set S, then there exists a collection of ingredients
(Zo, 1o, Ho), (Zl, P, Hl), soc (Zk—17 Pr_1, KJk_l), (K, Pk) such that the
output of the standard recipe with these ingredients is a random element
of K with law .

This will immediately imply the main structure theorem of interest by
considering the palette K = ({x},...{x}, K) for {*} any one-point space.
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Proof Outline

Set- Up Partition S into two infinite sets 51 U S». For any
ac (<k 1) and V C S5, set 7r ={mauv Vv E ( Ial)}' which is a

(2,)

random element of K, . For convenience, also write

Ty = (Wa,ﬁ?). Now set TV = o(7,:a € (<k 1)) for V C S,.

(See next slides for a visualization.)

Step 1. Show that, for any u € (skl) and any infinite V C S, the
conditional distribution of 7, given T2 is T"-measurable.

Step 2. Show that the random variables {7, : u € (il)} are
conditionally independent given T2

Step 3. Show that, for any u € (3!), the conditional distribution of
7, given T is o(7,;a € (<4~ 1))-measurable.

Step 4. Show that {fra}ae( S ) is an exchangeable K-coloring of S,

- - %2
where K is the palette (Ko, ... Ki_1) for K; = K; x K( )
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Proof of Step 1.

The proof is the same as for k < 2. For u € (il) we have:

E (E [f(wu) TV] ’2

2

e ("))

By exchangeability, the right side depends only on |F|, because we can
swap F with any set in V of the same size. As before, V and S, both

contain arbitrarily large subsets, so

= sup IE'IE [f(we)
FCV
Ffinite

2

TV} ‘2 —E ‘E [f(wu)’T52] (14)

E ’IE [f(m,)

Hence, energy-squeezing implies that E[f(7,)| T=2] is T"-measurable.
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Proof of Step 2

The proof is similar to the k = 2 case; take any bounded measurable
functions f1,...f, : K — R and any fixed uy,...u, € (‘11) By induction
on r and approximation by cylinder sets, it suffices to show that we have

/Aﬂ(?rul) fr(m, )dp = /AE[ﬂ(wul) }fz(ﬂw) £ (0 )dp, (15)

where A is o(my; u € (yJUR) 1 < j < m)-measurable, for y; € (,>';) and

R; C Sy is finite for all 1 < j < m. Thenlet Y =", yi, R=U"1 Ri,
and U =J", u;. Let ¢ be the (finite) permutation that swaps

(UUY) \ u1 with some finite set of vertices F C S, \ R (and hence which
leaves the vertices in u; fixed).

Now we apply exchangeability and Step 1 many times to get the usual
string of equalities:
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Proof of Step 2 (cont'd).

As usual, this shows

/ AR A

/ v A (mu) 2 (Top(u)) -+ () )

T

/ 7TU1
Tw

/w i TSz\(RUF} B(Tpu) - £ (T di

=/AE[ﬁ(wul)
- [ E[A(m)

so the result follows. OJ

v

T%] oy - F(mpgn)di

752\(RuF)} fo(my) - f(my )dp

T%] fo(man) -+« fo{mar )t
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Proof of Step 3.

Again, we follow the idea of the k = 2 case. Choose any infinite set

V C S, such that Sp \ V is also infinite, and let ¢ : S — v U S be a
bijection satisfying: (u) = u, ¥(S2) = V, and (51 \ v) = S2 \ V. By
exchangeability, we have the following for any bounded measurable
f:K—>R:

E [f(wu)‘ 752] EY) [f(ﬂu)}w(rsz)} : (16)
which implies

E ‘IE [f(wu)‘ Tﬂ ‘_E ‘IE [f(wu))w(r%)} ‘2. (17)

Of course, we still have (7, a € (.’ ;)) € T*2. To show that we have
T(T%) C o(#a;a€ (., ,)), we use a similar method to the case of
k=2.(The visualization of this step breaks down a bit, since

o(ftaa € (<k”71)) contains many hyperedges of different sizes.)

v
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Proof of Step 3 (cont'd).

We will prove 7¥(T%2) C o(%,;a € (<k 1)) by checking it on a generating

set. So, suppose that A € o(rm,;a € (nyR) 1<j<m)fory e (> 1 ,) and
R; € S, finite for all 1 < j < m. Adopting similar language as in the proof
of Step 2, define Y = J_; yj and R = [J_; R;. Now observe that we

have (Y UR) CuUS,, so 7¥(A) € o(74a € (<k 1)) follows. As
before, this implies

E[E|f(r.)| T "> E[E |f(r)|o <7~r,.,; a e (g i 1))}

> E|E [f(x,)|r*(T%)] ‘2

2

r 2
=E|E [f(m,)| T%]

so energy-squeezing shows that E[f(m,)| TSZ] is
o(%aa € (. ;))-measurable, as claimed. O
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Proof of Step 4
Let ¢ : S; — S; be any finite permutation, and let ay,...a, € (<k 1) be

(e Z2)

arbitrary. Recall that 7, = (ﬂsl,ffl?) € K, x K,

, so take arbitrary

sets By, ... B, and By,... B, with B; € B(Kj,) and B; = B(K, (k )
1<i<r, and set B; = B; x Bj. By exchangeability of 1, we get

) for

P(%al €By,.. .7, € é,)

=P a‘EBiv a;uv a;jUSy GE,’
(ﬂ {71' i {mau }Ve(k—\il) })

r
=P (ﬂ { w( E Bn {ﬂ'w a)Uv}ve( (‘ )(a f\) (S B,})
i=1 i

=P (7~T¢(31) S éh o0 .ﬁ'w(ar) S ér)

because 1) fixes Sy, and this proves the claim. O

4

A. Q. Jaffe Exchangeable Hypergraph Colorings May 22, 2020 46 / 54



Finishing the Proof.
The proof is by induction on the rank k of the palette, so the base case

k = 1 corresponds to de Finetti’'s theorem which we have already proven.

For the inductive step, suppose that K is a palette of rank k > 2.

By Step 2, there exists a family of kernels {P”}ue(sl) from K to K
k
such that the conditional distribution of {ﬂ-“}ue(sl given T2 is
k
distributed according to ®u6(51) Pu({fra}ae( Sy ). But by Step 3,
K <k—1

there exists a single kernel Py : K1) — K, such that all of the margi
kernels can be written as P”({ﬁa}ae(gill)’ )= Pk({ﬁa}ae(g“ﬂ)a ). Th

is, the conditional distribution of {ﬂu}ue(sl) given T2 is distributed
k
according to ®”€(Skl) Pk({ﬁa}ae(gk”,l)’ ).

nal
at
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Finishing the Proof (cont'd).
Now let fi be the law of {(Wu,f%)}ue( 5 ) on K(®). By Step 4, ji is
<k—1

exchangeable, so the inductive hypothesis guarantees a sequence of
ingredients (Zo, Mo, /230), 600 (Zkfg, Pkfg, I~€k72), (Zkfl, Pkfl) which give
rise to i when applying the standard recipe. Write

~ S
ki Ki=K; x K,Ek”) — K; for the projection onto the K; coordinate, and
set kj = Kjo kK : Zi — K;. Unpacking definitions, this implies that
(2o, pto, K0)s - - - (Zk—1, Pk—1, kk—1), (Zk, Px) is a sequence of ingredients
for which the output of the standard recipe is . This proves the structure
theorem. []

v
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Further ldeas
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Related Results

There are many possible refinements and extensions of the structure
theorem we just proved.

@ There is a sense in which the determination of ingredients (Zp, o),
(Z1,P1),...(Zk-1, Pk—1), (K, Px) depends continuously on u

@ Analogous statements can be proved for directed uniform hypergraphs
and for partite uniform hypergraphs

e Similar results hold for spreadable hypergraph colorings (where the
general definition of “spreadable” reduces to the usual case for
S =N.) It turns out that spreadability and exchangeability are not
generally equivalent in the hypergraph setting.

@ It can be proven by example that the added randomness at every level
is necessary for the result to hold: There exist exchangeable colorings
of a 3-uniform hypergraph which cannot be written through a
vertex-sampling construction.
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Equivalent Results

The main structure theorem is equivalent to some historically earlier
results. For example, note that colored undirected graphs and random
symmetric arrays are two ways of encoding the same information. Then
the following result is equivalent to the structure theorem when k = 2:

Theorem (14.11 of [Ald85])

Let = {Xij:i,j > 1} be a symmetric array of K-valued random variables
such that, for any finite permutation o of indices, we have

- d - d -
{Xij o i,j 21 ={ X0y o i5J 21} = {Xioj) 1 1,5 = 1} (18)
Then there exists a measurable function f : [0,1]* — K with
f(-,u,v,-) =f(-,v,u,-) such that, if {w, U;, Vj,&j:i,j > 1} isa
collection of iid uniform [0, 1]-valued random variables, then the law of
{f(w, U;, \/l'aé-i,j)}i,jZl equals the law of X.

v

Suitable adaptation of this idea leads to an equivalent statement for k > 2.
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Applications and Interpretations

The structure theorem for exchangeable colorings of uniform hypergraphs
is related to many ideas across many mathematical disciplines.

o Statistical testability of graph and hypergraph properties
@ Extremal graph theory and graph limits
o Model theory

@ Arithmetic combinatorics, in which the structure theorem is a way to
connect two seemingly-disparate proofs of Szemeredi's theorem: one
via graph theory and one via ergodic theory

See [Aus08] for more detail and for a long list of these ideas.
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Thank you!
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