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1. Suppose {Bt}t≥0 is a Brownian motion, and define the process {B̃t}t≥0 via

B̃0 = 0 and B̃t = tB1/t for t > 0.

Show that {B̃t}t≥0 is a Brownian motion.

2. Suppose {Bt}t≥0 is a Brownian motion, fix γ > 0, and define the process {Xt}t≥0 via

Xt = e−γtBe2γt .

Show {Xt}t≥0 is an Ornstein-Uhlenbeck process.

3. Suppose {Bt}t≥0 is a Brownian motion, fix x, y > 0, and write T := min{t ≥ 0 : Bt ∈
{−x, y}} for the time of the first exit from the region (−x, y). Use Donsker’s theorem to
show that

P(BT = −x) =
y

x+ y
and P(BT = y) =

x

x+ y
.

4. Suppose {Bt}t≥0 is a Brownian motion and that {Nt}t≥0 is a Poisson process such that
{Bt}t≥0 and {Nt}t≥0 are independent. Now define the process {Xt}t≥0 via

Xt = BNt

Show that {Xt}t≥0 has stationary independent increments, but that it is not a Brownian
motion.

5. Suppose {Bt}t≥0 is a Brownian motion, and write T1 := min{t ≥ 0 : Bt = 1} for the first
passage time to 1. Use the reflection principle to show that E[T1] = ∞.
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