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(a) Suppose that N is a non-negative integer-valued random variable satisfying
P(T >m|T >n)=P(T >m—n)
for all 0 < n < m. Show that there exists some 0 < p < 1 such that T has a Geo(p)
distribution on {0, 1,2,...}.
(b) Suppose that T' is a non-negative continuous random variable satisfying
P(T>t|T>s)=PT >t—ys)

for all 0 < s < t. Show that there exists some 0 < A < oo such that T has an
Exp(A) distribution. (Here, we take the convention that a random variable T" has
distribution Exp(0) if P(7T" = oco) = 1 and has distribution Exp(oco) if P(T'=0) = 1.)

. Fix A > 0 and suppose for each n > 1 that N,, has a Geo(\/n) distribution on {0, 1,2, ...},

and that 7" is a random variable with an Exp()) distribution. Show for all ¢ > 0 that
P(n~'N, >t) = P(T > t)

as n — oo. In other words, show that n=*Geo(\/n) converges in distribution to Exp(\).

. Let {Ni}+>0 be a Poisson process of rate A, fix a > 0, and let 7" be a non-negative

continuous random variable whose conditional distribution with respect to the process
{N:}i>0 is defined via

P(T >t| N, =k) ="
for all t > 0 and k£ > 0. Find the marginal distribution of 7T'.

. Let { N:}+>0 be a Poisson process of rate A, and let 7" be a random variable with distribution

Exp(u) which is independent of {N;}:>o. Find the distribution of Nrp.

. Let {NV;}1>0 be a Poisson process of rate A, and suppose that all arrived units incur a cost

¢ > 0 per unit per time until they are removed. Suppose that, in periods of non-random
length L > 0, all arrived units are removed and a total cost of r is incurred, regardless
of the number of arrived units. What period length L > 0 minimizes the expected total
cost per time, as a function of A, ¢, and r?



