STAT GU4207 / GR5207 HOMEWORK #38

SPRING 2025

Assigned: Wed, Mar 12
Due: Fri, Mar 28

. For {IV;}+>0 a Poisson process with rate A > 0, show E [Sy,+1 — Sn,] = 2_6;”

. Let {N;}+>o denote a Hawkes process with no base rate and with excitation function
u(t) = ae=P for a, B > 0. Show that

E[tht] :{5% ifa<p
t—o00

00 if a > g.

. Let {N;}:+>0 denote a renewal process whose interarrival times come from a distribution
with density f and cumulative distribution functlon F Show that the renewal function
m(t) := E[Vy] satisfies the renewal equation m/(¢ )+ fo m(t —x)f(z)dx for t > 0.

. A Yule process of rate f > 0 is a continuous-time Markov chain {X;};>¢ on the state
space {1,2,3,...} with infinitesimal generator given by
-6 B 0 0
0 —28 28 0
o=|0 o -3 38
0 0 0 —4p

Verify that the transition function Pj;(t) = (/=) "*(1 — e=#)I~" has infinitesimal gen-
erator (), and use this to compute E[X}].

. For M > 0 and v > 0, consider a continuous-time Markov chain {X;};>o on the state
space {0, 1,..., M} with infinitesimal generator given by

o o0 o -~ 0 0 0
vy =y 0 -+ 0 0 0
O~ -y - 0 0 0
Q= : o : : :
0 0 0 —y 0 0
o 0o o0 - v —y 0
0 0 0 0 v —x

Find the transition function {P(¢)}:>

—

o for this Markov chain.



